This note is a write up of a talk given at the ILAS meeting in Braunschweig, 2011, at the minisymposium celebrating the 80th birthday of Miroslav Fiedler. The purpose of the talk is to outline the impact of Fiedler's work on the development of spectral graph theory. Fiedler is best known for putting forward the algebraic connectivity and its eigenvector. These two topics were genuine gold strikes which have motivated thousands of studies in pure and applied science. But there is more in Fiedler's work that in ‡uences spectral graph theory, and still more waiting to be discovered.
and graph theory are well-known and admired, but here we shall focus primarily on his impact on spectral graph theory.
Let us start with some statistics. According to Google Scolar, the two most cited papers of Fiedler are: Algebraic connectivity of graphs [6] , with more than 1400 citations, and A property of eigenvectors of nonnegative symmetric matrices and its application to graph theory [8] , with more than 600 citations.
Obviously the two most in ‡uential papers of Fiedler belong exactly to the theory of graph spectra. And, sure enough, they caused not one, but two gold rushes.
Algebraic connectivity
Let us recall the some facts about algebraic connectivity of graphs. Let G be a graph with adjacency matrix A and let D be the diagonal matrix of the row sums of A (i.e., the degrees of G).
The matrix L is symmetric, singular and positive semi-de…nite .
Fiedler noted that the second smallest eigenvalue of L is nonzero if and only if the graph G is connected, but realized that there is much more in addition, so much so, that he explicitly named this eigenvalue, calling it the algebraic connectivity of G. Bringing this spectral parameter in the limelight was extremely insightful, and the timing could not be more appropriate. Huge literature followed, and for reasons explained below, for some time the algebraic connectivity became the most studied spectral parameter of graphs. Here are a few references to follow-up papers by mathematicians: -Grone and Merris, Algebraic connectivity of trees [11] , with 52 citations; -Juhász, The asymptotic behavior of Fiedler's algebraic connectivity for random graphs [13] , with 16 citations; -Fallat and Kirkland, Extremizing algebraic connectivity subject to graph theoretic constraints [5] , with 58 citations; -de Abreu, Old and new results on algebraic connectivity of graphs [1] , with 64 citations.
One wonders why is algebraic connectivity so interesting. The reason for that is rooted in its tight relations to the fundamental graph property of expansion. Graph expansion has been a major topic of study in computer science since the early 1980's, and due to its crucial importance, versions of it have been known and investigated under various names and from various viewpoints.
Let us write (G) for the algebraic connectivity of G; and note in passing that for d-regular
; where 2 (A) is the second largest eigenvalue of the adjacency matrix of G:
We give below two of the best known relations between algebraic connectivity and graph expansion. Let G be a graph with vertex set V and let X be a proper subset of V . Write e (X; V nX) for the number of edges between X and its complement. One can show that
The meaning of this inequality is that graphs with large contain many edges between every vertex set X and its complement. Inequalities in the opposite direction involve the so called Cheeger constant h (G) of a graph G; which is de…ned as
The Cheeger constant, called also isoperimetric number or expansion constant, plays a crucial role in the study of graph expansion. It is N P -hard to calculate, so good and easy to calculate bounds are particularly valuable. One of the best bounds on h (G) is due to Mohar [14] : If G is a nontrivial graph with maximal degree > 0 and algebraic connectivity , then
Similar results have been proved before in seminal papers by Tanner [20] , and by Alon and Milman [2] .
Although the enduring interest in algebraic connectivity comes from computer science and its applications, during the years, the algebraic connectivity invaded even areas which are far from both mathematics and computer science. Among such applications, the topic of the following recent paper seems particularly striking: Algebraic connectivity may explain the evolution of gene regulatory networks, by Nikoloski, May and Selbig [16] .
The Fiedler vector
After introducing the algebraic connectivity, Fiedler realized that the eigenvectors to (G) have distinctive relation to graph structure, and in 1975 he published his second in ‡uential paper on algebraic connectivity: A property of eigenvectors of nonnegative symmetric matrices and its application to graph theory [8] . One would think that this is just a follow-up of his 1973 paper [6] , but the novel idea is rather di¤erent, and it caused a gold rush of its own.
Fiedler noticed that an eigenvector to (G) induces partitions of the vertices of G that are natural connected clusters. This property, although somewhat related to expansion, is new and its main applications are in algorithms for e¢ cient partitioning of graphs. Soon after the publication of [8] , the eigenvector to the algebraic connectivity has been unanimously referred to as the Fiedler vector.
With much enthusiasm, the Fiedler vector has been adopted by computer scientists and used in all types of algorithmic partitioning applications. Here are three milestones, whose titles and number of citations speak for themselves: -Simon, Partitioning of unstructured problems for parallel processing [17] , with more than 750 citations; -Spielman and Teng, Spectral partitioning works: planar graphs and …nite element meshes [19] , with more than 250 citations; -Ding, He, Zha, Gu and Simon, A min-max cut algorithm for graph partitioning and data clustering [4] , with more than 400 citations.
A personal story
The author had a personal experience how swiftly Fiedler can locate the most attractive point of a matter. In 2008, the author was giving a talk on su¢ cient spectral conditions for paths and cycles, later written up in [15] . Miroslav Fiedler, who was in the audience, asked what spectral conditions imply Hamilton cycles. This was missing in the original study, but after a brief discussion, the question was resolved and a short joint note [10] appeared in the same volume of Linear Algebra and Appl as [15] . Since then, the joint note has caused a sizable interest, with about 10 follow-ups, while the paper [15] is not too well-known.
More gold
It is known that during the gold rush in California, gold has been recovered that is worth about $50 billion by today prices. Yet, it is estimated that more than 80% of the golden deposits of California have not been discovered so far. Here are two examples of similar ‡avor, but related to the work of Miroslav Fiedler.
First, recall the paper of Fiedler Additive compound matrices and an inequality for eigenvalues of symmetric stochastic matrices [7] . This paper introduces and studies the additive compound of a square matrix.
Recall, on the other hand, the concept of graph energy introduced by Gutman in 1978 [12] : Given a graph G with adjacency matrix A, let E (G) be the sum of the absolute values of the eigenvalues of A: That is to say, E (G) is the trace norm of A:
Rao has asked whether E (G) can ever be an odd integer. This subtle question has been answered in 2004, by Bapat and Pati [3] , who proved that the energy of a graph is never an odd integer. The proof follows easily using the additive compound of the adjacency matrix.
The second example is about elliptic matrices, a notion introduced by Fiedler in 1994 in Elliptic matrices with zero diagonal [9] . A symmetric matrix with zero diagonal is called special elliptic if it has exactly one positive eigenvalue.
In [9] , among other results Fiedler proved the following lemma:
Lemma 1 Let A be a special elliptic matrix and its o¤-diagonal entry A pq is zero. Then the p'th and q'th row of A are proportional.
Let us compare this lemma with the important result of John Smith [18] from 1970:
Theorem 2 If a graph G has no isolated vertices and has a single positive eigenvalue, then it is a complete multipartite graph.
One can easily see that Fiedler's lemma generalizes Smith's result to weighted graphs with real edge weights. This fact was noted …rst by Yong and Wang in [21] .
Concluding remark
In the work of Miroslav Fiedler there are many golden theorems that will continue to in ‡uence spectral graph theory in the years to follow. Some of them are still waiting to be taken and used.
